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Abstract

Although it is challenging to implement follower forces in macroscale laboratory experiments, they can
be implemented fairly easily in MEMS devices. This paper discusses the implementation of follower and
axial end forces in a beam-type MEMS resonator for the application of resonant frequency tuning.
r 2005 Elsevier Ltd. All rights reserved.
1. Introduction

The transverse vibrations of slender beams subjected to constant amplitude end loads is a
classical, well-understood subject. While axial end loads can lead to buckling, follower forces are a
standard means of introducing flutter [1]. Other types of end loads are also possible, for example,
those that are combinations of follower and axial loads [2], as well as variable-orientation
bucking-type loads [3]. It is quite simple to experimentally apply axial forces on beams by making
use of dead loads, but it is quite challenging to realize follower forces in the laboratory. To the
authors knowledge, the only experimental implementations of follower forces make use of a fluid
stream that is ejected from a nozzle fixed to the free end of a cantilever beam [4]. The convection
of fluid along the beam, however, adds a term to the equation of motion [5], and leads to a
situation that is not the textbook version of a follower force. In this paper we show that follower
see front matter r 2005 Elsevier Ltd. All rights reserved.
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forces, as well as axial forces, can be easily implemented in MEMS, and these end loads provide
the scope for performance enhancement of certain MEMS devices.
It is known that axial and follower end loads affect transverse vibration natural frequencies of a

beam. In fact, tensile (compressive) axial loads increase (decrease) all the natural frequencies of a
beam, while tensile (compressive) follower forces decrease (increase) the frequency of the
fundamental mode of the beam; the same effect is seen for all odd-numbered modes while the
opposite effect occurs for the second and all even-numbered modes [1]. Of course, these trends are
valid so long as the axial and follower end loads remain below their buckling and flutter
thresholds, respectively.
In this short communication we describe a new method for achieving both axial and follower

forces on a microscale cantilever beam. This has significant potential for frequency tuning of
microbeams, which are used in a number of current and proposed applications, including filters
[6], sensors [7,8], atomic force microscopes [9], and high-density data storage devices [10]. In these
applications, variability in the resonant frequency of a beam can arise from a number of sources,
such as manufacturing tolerances, thermal effects, etc., and one must typically employ some type
of feedback to maintain the natural frequency at a fixed value. One means of doing so is by
providing end loads on the beam. In the approach described here, these loads are achieved using
electrostatic forces that act near the free end of the beam through specially designed comb fingers.
These combs are arranged so that the orientation of the applied force can remain aligned with the
undeformed neutral axis of the beam, or can move with the beam such that the force remains
parallel to the slope at the free end of the beam. In addition, by varying the spacing between the
comb fingers on the beam and those fixed to ground, one can create either tensile or compressive
axial and/or follower forces.
We begin with a brief review of the dynamics of a slender cantilever beam with axial and

follower forces applied to the free end, emphasizing the effects that these loads have on the
fundamental natural frequency of the beam. We then describe the proposed means of realizing
these forces in a microbeam, and provide a specific design that is capable of achieving frequency
tuning in the range of 20% without experiencing buckling or flutter. Several devices based on this
basic design are currently being prepared for fabrication and testing.
2. Mechanics of a beam with end forces

Consider a uniform cantilever beam that has both a follower force F and an axial end load P
applied to its free end. A dimensionless version of this system is shown in Fig. 1. If E denotes the
x
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Fig. 1. A cantilever beam with axial and follower end loads.
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Young’s modulus, I the second area moment, r the mass density, and A the cross-sectional area of
the beam, then with the usual assumption of the elementary theory of bending, the normalized
equation of small oscillations of the beam is

q4uðx; tÞ
qx4

þ ðsþ ZÞ
q2uðx; tÞ
qx2

þ
q2uðx; tÞ

qt2
¼ 0, (1)

where uðx; tÞ is the transverse deflection of the beam normalized by the beam length L and
measured such that x ¼ 0 is the fixed end. Time has been rescaled by the characteristic frequencyffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

EI=mL4
p

and dimensionless load parameters are given by s ¼ Fl2=EI and Z ¼ Pl2=EI : The
boundary conditions can be written as
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Considering a separation of variable solution uðx; tÞ ¼ Y ðxÞQðtÞ for Eq. (1) yields

Y 0000

Y
þ ðsþ ZÞ

Y 00

Y
¼ �

€Q

Q
¼ o2, (3)

where prime and dot denote derivatives with respect to the spatial variable x, and the temporal
variable t, respectively. From Eqs. (3) and (2), we have

Y 0000 þ ðsþ ZÞY 00 � o2Y ¼ 0 (4)

and the boundary conditions

Y ð0Þ ¼ 0; Y 0ð0Þ ¼ 0; Y 00ð1Þ ¼ 0; Y 000ð1Þ þ ZY 0ð1Þ ¼ 0. (5)

If we assume a spatial solution of the type Y ðxÞ ¼ expðlxÞ; we get

l4 þ ðsþ ZÞ l2 � o2 ¼ 0 (6)

which yields

Y ðxÞ ¼ A coshðl1xÞ þ B sinhðl1xÞ þ C cosðl2xÞ þ D sinðl2xÞ, (7)

where
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. (8)

The boundary conditions (5) can be used to numerically solve for the natural frequencies of the
beam for different values of the follower force, s; and axial force, Z: Of particular interest to us, is
the variation in the natural frequencies of the beam with variation in the magnitude of the
follower force when the axial force is zero, and variation in the natural frequencies of the beam
with variation in the magnitude of the axial force when the follower force is zero. Fig. 2(a) shows
the first two natural frequencies of the beam as a function of the axial end load for zero follower
force. This indicates the decreasing nature of the natural frequencies as Z increases, and shows the
end load at which the beam buckles to be Zcr ¼ 2:48: Fig. 2(b) shows the first two natural
frequencies as a function of the follower force for zero axial force. Note that as the follower force
increases the first modal frequency increases while the second modal frequency decreases. These
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Fig. 2. Variation in the first two natural frequencies of the cantilever beam with (a) variation in axial force, for zero

follower force, and (b) variation in follower force, for zero axial force.
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two frequencies merge, resulting in flutter instability, at a critical value of the follower force given
by scr ¼ 20:05: Note that one has a significantly larger working range for a compressive follower
force as compared to a compressive axial end load. It is also clear from the plots that the slope of
stiffness variation is steeper for the axial force as compared to the follower force, about zero
nominal values.
One way to avoid buckling and flutter instability is to work with tensile axial and follower

forces. From the plots in Fig. 2, it is clear that a tensile axial force will increases the resonant
frequency of the beam whereas a tensile follower force will decrease the resonant frequency. Thus,
double sided tuning, i.e. both increase and decrease of natural frequency, can be achieved with a
large range of frequency variation. In the next section we present the design of a MEMS resonator
with double-sided tuning capability.
3. Mechanical design of resonator

Consider the cantilever beam in Fig. 3(a) with two arc-shaped comb fingers. Each of the two
fingers subtend angle a at the base of the beam and remain parallel to the fixed elements A and B,
respectively. The fixed elements are located symmetrically with respect to the beam in the
unperturbed state, and b denotes the angle of no overlap between the fingers and the fixed
elements. The perturbed state is shown in Fig. 3(b) for small angular deflection of the beam, y: In
this state, the angular overlap between the fingers and the fixed elements A and B are ða� bþ yÞ
and ða� b� yÞ; respectively. If FA and FB denote the electrostatic forces applied on the fingers by
the fixed elements A and B, respectively, then the resultant of these forces have the following x and
y components:

Fx ¼ FA cos
aþ bþ y

2

� 
þ FB cos

aþ b� y
2

� 
¼ p cosðy=2Þ � q sinðy=2Þ, (9)

Fy ¼ FA sin
aþ bþ y

2

� 
� FB sin

aþ b� y
2

� 
¼ p sinðy=2Þ þ q cosðy=2Þ, (10)
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Fig. 3. A cantilever beam with two arc-shaped comb fingers in its (a) unperturbed state and (b) perturbed state. The

fixed elements A and B are configured to apply tensile end forces.
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where

p9ðFA þ FBÞ cos
ðaþ bÞ

2
; q9ðFA � FBÞ sin

ðaþ bÞ
2

.

If the resultant force subtends angle c with the x-axis, then c can be expressed as

tan c ¼
p sinðy=2Þ þ q cosðy=2Þ
p cosðy=2Þ � q sinðy=2Þ

.

The resultant force will be a follower force if c ¼ y; and an axial force if c ¼ 0: It can be easily
shown that

c ¼
y if FA ¼ K sin½ðaþ bþ yÞ=2� and FB ¼ K sin½ðaþ b� yÞ=2�;

0 if FA ¼ K sin½ðaþ b� yÞ=2� and FB ¼ K sin½ðaþ bþ yÞ=2�;

(
(11)

where K is any constant. Furthermore, for the choice of FA and FB in Eq. (11), the magnitudes of
the follower and axial forces are constant and equal to K sinðaþ bÞ: From electrostatic principles,
the forces FA and FB are also given by the relations

FA ¼
�0
2g2

h V2
A Lða� bþ yÞ; FB ¼

�0
2g2

h V2
B Lða� b� yÞ, (12)

where �0 is the electrostatic permittivity of vacuum, g is the radial gap between the comb fingers
and fixed elements, h is the height of the resonator, L is the length of the beam, and VA and VB are
the voltages applied between the comb fingers and the fixed elements A and B, respectively.
Therefore, using Eqs. (11) and (12), VA and VB can be chosen appropriately (as functions of y) to
generate follower and axial end loads.
Based on this idea, we now provide a schematic of a resonator whose first resonant frequency

can be tuned up or down through the application of axial and follower end forces. The resonator,
shown in Fig. 4, has a set of anterior combs for the application of the end force (axial or follower)
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and an additional set of lateral combs for actuation and sensing. The actuator combs will be used
to provide sinusoidal excitation for resonance whereas the sensor combs will be used to measure
the deflection of the beam in real-time. Although the deflection of the beam will remain small, all
curved elements are designed by taking the radius of curvature of the beam (corresponding to the
first mode shape) into consideration. This ensures that the gaps between the fixed and moving
elements remain constant and prevents potential malfunctioning due to varying gap or mechanical
contact.
4. Numerical simulation

Consider the MEMS resonator in Fig. 4 with the following specific dimensions and material
property:

a ¼ 16	; b ¼ 8	; h ¼ 30mm; g ¼ 2mm; E ¼ 170
 109 Pa. (13)

Using a lumped-mass model of the fingers and the method of assumed modes, the first natural
frequency was found to be approximately 7.5 kHz. To realize a follower force, voltages VA and
anchor

pad for fixed elements A 

comb actuator

comb sensor

pad for fixed elements B

550µ

4.5µ

Lav = 430µ

7.5µ

25µ330µ

Fig. 4. Schematic of a MEMS resonator.
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VB were chosen as

VA ¼ V0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ða� bÞ sin½ðaþ bþ yÞ=2�
ða� bþ yÞ sin½ðaþ bÞ=2�

s
; VB ¼ V0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ða� bÞ sin½ðaþ b� yÞ=2�
ða� b� yÞ sin½ðaþ bÞ=2�

s
. (14a)

For an axial force, the voltages were chosen as

VA ¼ V0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ða� bÞ sin½ðaþ b� yÞ=2�
ða� bþ yÞ sin½ðaþ bÞ=2�

s
; VB ¼ V0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ða� bÞ sin½ðaþ bþ yÞ=2�
ða� b� yÞ sin½ðaþ bÞ=2�

s
. (14b)

It is clear from Eq. (14) that VA ¼ VB ¼ V0 when y ¼ 0: Furthermore, from Eqs. (11) and (12), it
can be seen that for these choice of voltages,

K ¼
�0h V2

0 n Lav ða� bÞ
2g2 sin½ðaþ bÞ=2�

, (15)

where n ¼ 9 is the number of anterior fingers for application of end force, and Lav ¼ 430mm is the
average distance of the anterior fingers from the anchor. With this value of K and using V0 ¼

70V; non-dimensional follower and axial forces with

s ¼ Z ¼ �
K sinðaþ bÞL2

av

EI
� �1 (16)

can be realized. From the analysis in Section 2, it can be seen that while s ¼ �1 decreases the first
natural frequency by 425Hz, Z ¼ �1 increases the natural frequency by 1.1 kHz. Thus, bi-
directional frequency tuning with a range of approximately 1.5 kHz (20%) can be achieved
through voltage adjustments.
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